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Abstract
In the context of simple models illustrating field transformations in La-
grangian field theories we discuss the impossibility of measuring off-shell
effects in nucleon-nucleon bremsstrahlung, Compton scattering, and re-
lated processes. To that end we introduce a simple phenomenological La-
grangian describing nucleon-nucleon bremsstrahlung and perform an appro-
priate change of variables leading to different off-shell behavior in the nucleon-
nucleon amplitude as well as the photon-nucleon vertex. As a result we obtain
a class of equivalent Lagrangians, generating identical S-matrix elements, of
which the original Lagrangian is but one representative. We make use of this
property in order to show that what appears as an off-shell effect in an S-
matrix element for one Lagrangian may originate in a contact term from an
equivalent Lagrangian. By explicit calculation we demonstrate for the case
of nucleon-nucleon bremsstrahlung as well as nucleon Compton scattering the
equivalence of observables from which we conclude that off-shell effects can-
not in any unambiguous way be extracted from an S-matrix element. Finally,
we also discuss some implications of introducing off-shell effects on a phe-
nomenological basis, resulting from the requirement that the description of
one process be consistent with that of other processes described by the same
Lagrangian.
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I. INTRODUCTION
There has been a long history, within the context of calculations in medium-energy
physics, of attempts to find effects of off-shell contributions in a particular process. Perhaps
the prime example of this is nucleon-nucleon bremsstrahlung which has long been considered
the best way to get information about the off-shell nucleon-nucleon amplitude. In an abstract
mathematical sense, such an off-shell amplitude can be calculated from any potential, say
by solving the Lippman-Schwinger equation, and the hope has always been that one might
be able to distinguish between potentials which are equivalent on shell via a measurement
of their off-shell behavior.
For nucleon-nucleon bremsstrahlung there have been a large number of calculations,
mostly in nonrelativistic potential models which have this aim [1–5]. The usual procedure is
to calculate an off-shell nucleon-nucleon amplitude as a separate building block and attach
photons to the external legs of this amplitude. The photon-nucleon vertex may also have
components involving off-shell nucleons. Usually the so-called double-scattering contribu-
tion, involving two strong scatterings with the photon attached in between, is also included.
Less important corrections such as some relativistic effects, Coulomb corrections, and in
some cases specific exchange-current diagrams are also included.
These state-of-the-art calculations are then compared with experiment. Most early ex-
periments explored kinematics which were not far enough off shell to show anything, but the
more recent ones, in particular the TRIUMF experiment [6] seemingly showed the need for
off-shell effects at least within the context of current theories. A number of new experiments
have been started in the past few years all designed at least in part to be more sensitive to
kinematics in which the nucleons are as far off shell as possible [7–11]. These kinematics
correspond to higher photon energies and in general to smaller opening angles between the
two outgoing protons. Thus for example some of the new experiments have been designed
to capture essentially all of the forward-going protons and thus get opening angles of only a
few degrees.
Another case of interest in medium-energy physics where off-shell effects supposedly enter
and have been considered is given by the electromagnetic interaction of a bound nucleon.
Traditionally, electron-nucleus scattering experiments have been interpreted in terms of the
free nucleon current operator in combination with some recipe to restore gauge invariance.
It has only been recently that the influence of off-shell effects in the electromagnetic vertex
on an interpretation of (e,e′) and (e,e′p) data has been investigated [12–15]. Off-shell effects
at the electromagnetic vertex have also been considered for nucleon-nucleon bremsstrahlung
and other processes starting with the early paper of Nyman [16] and continuing with the
more recent works of Refs. [17–20].
Further processes which might be considered as a source of off-shell information are two-
step processes involving the nucleon such as pion photo- and electroproduction [21] or real
and virtual Compton scattering on the nucleon [22]. Similarly to the bremsstrahlung case
the intermediate nucleon (or pion) in the pole diagrams is off shell and one might think
of exploring the sensitivity of observables to the way the corresponding vertices behave off
shell.
In all of these situations it is common to make some sort of model which generates
off-shell effects in a vertex when that vertex is considered in isolation. In the nucleon-
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nucleon bremsstrahlung case almost any potential can generate a nucleon-nucleon T-matrix
which can be extended off shell in some way determined by the potential. For the photon-
nucleon vertex, which would appear in both bremsstrahlung and in Compton scattering, one
can generate off-shell behavior from a simple phenomenological Lagrangian, or equivalently
parameterize its off-shell structure by some sort of form factor. In Refs. [12–15,23,24] the off-
shell effects were generated in terms of more or less sophisticated meson-loop calculations.
In many other processes off-shell form factors are included. For example modern nucleon-
nucleon potentials put in form factors at the meson-nucleon vertices, and one question which
is at times heatedly discussed is the appropriate range of such form factors.
Thus within the context of standard calculations of medium-energy processes the concept
of some sort of off-shell effect at the vertices is rather pervasive.
In contrast to this situation, within the context of field theory it has long been known
that there is a certain ambiguity in the evaluation of off-shell effects. One can for example
make field transformations, that is changes of representation of the fields involved in the
Lagrangian, which do not change any measured quantity, but which can in fact change
the off-shell behavior of a vertex building block of the process [25–28]. One also has the
rather simple observation that, in an amplitude arising from a Feynman diagram, off-shell
behavior at a vertex is cancelled by a similar factor coming from the intermediate propagator,
resulting in an amplitude which could have been generated by a contact interaction, without
reference to off-shell processes. This was already observed by Gell-Mann and Goldberger in
their derivation of the Compton scattering low-energy theorem [29].
It is only relatively recently that these field-theory concepts have begun to be applied
to gain an understanding of the role of, and the ambiguities in, the off-shell effects which
are normally included in medium-energy processes. For example, in the context of chiral
perturbation theory (ChPT), the off-shell electromagnetic vertex of the nucleon and pion
were calculated in Refs. [23,30], respectively, by including in the Lagrangian certain terms
proportional to the lowest-order equation of motion. For the pion it was shown explicitly [31]
that this off-shell form factor did not contribute to pion Compton scattering. Likewise, in
a similar model for spin zero bremsstrahlung it was shown [32] that off-shell effects arising
from such equation-of-motion terms in the Lagrangian again could be transformed away,
or alternatively replaced by contact terms which did not generate off-shell contributions at
either strong or electromagnetic vertices. Thus in this context off-shell effects were shown
to be unmeasurable, in contrast to the standard expectation for bremsstrahlung. Off-shell
form factors have been calculated via dispersion relations as well [16,33,34] and here it was
shown [35] that the ambiguity in such effects corresponding to a freedom of choice of field
representation was reflected in an ambiguity in the number of subtraction constants required
in the dispersion relation.
In the present paper we continue and extend in several ways this discussion. In the
following section, Section II, we look at an alternative model for the spin zero case which
illustrates in a simple way the essential features of the more complicated model of Ref. [32].
We then extend the approach to look at a simple spin one-half model which is much
more closely allied to the types of phenomenological models which have been used than that
of previous discussions. In particular, it does not involve ChPT, and so does not depend on
any of the formalism there or in particular on being able to make and truncate an expansion
in some small parameter. It involves spin 1/2 particles, in particular nucleons, as well as
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photons and thus should remove any lingering uncertainty that the results of the previous
works somehow depended on the simplicity of a spin zero process. It is more ’realistic’ in
the sense that it corresponds fairly closely to some phenomenological models being used
to examine off-shell effects. However it is still sufficiently simple that we can focus on the
principles rather than the details.
In Sec. III we will discuss the model, which is a somewhat simplified model La-
grangian for nucleons and photons, and calculate the leading contributions to nucleon-
nucleon bremsstrahlung and Compton scattering on the nucleon. Section IV is devoted
to a general discussion of field transformations and changes of representation and the way
they lead to equivalent Lagrangians. In Sec. V we apply a specific field transformation to
our starting Lagrangian to generate a new Lagrangian which is closely allied to commonly
used phenomenological Lagrangians and which generates off-shell effects at both strong and
electromagnetic vertices. Section VI is devoted to a calculation of bremsstrahlung and Sec.
VII to a calculation of Compton scattering with the new Lagrangian. In both cases we can
see explicitly how such off-shell effects are really not physically measurable quantities. The
last section is then devoted to a summary and some conclusions.
II. SIMPLE EXAMPLE
As a first example let us consider the case of ππ bremsstrahlung which allows us to
introduce the main concepts while avoiding complications due to spin. To be specific, we
discuss the reaction π++π0 → π++π0+ γ in the framework of the nonlinear σ model. The
present treatment somewhat simplifies results already discussed in Refs. [31,32] in the sense
that it will not make use of higher orders in the momentum expansion of chiral perturbation
theory (ChPT). In other words, a discussion only in terms of tree-level diagrams originating
from the nonlinear σ model turns out to be sufficient.
The nonlinear σ model Lagrangian, describing pion interactions at low energies, is given
by
L = F
2
4
Tr
[
DµU(D
µU)†
]
+
F 2m2π
4
Tr(U + U †), (1)
where F = 92.4MeV denotes the pion-decay constant, mπ = 135MeV is the pion mass, and
the pion fields are contained in the SU(2) matrix U . The interaction with the electromagnetic
field is generated through the covariant derivative DµU = ∂µU+
i
2
eAµ[τ3, U ], where e
2/4π ≈
1/137 and e > 0. At this point we still have a choice how to represent the matrix U in terms
of pion field variables. We will make use of two different parameterizations of U ,
U(x) =
1
F
[σ(x) + i~τ · ~π(x)] , σ(x) =
√
F 2 − ~π2(x), (2)
U(x) = exp

i~τ · ~φ(x)
F

 , (3)
where in both cases the three hermitian fields πi and φi describe pion fields transforming as
isovectors. The connection between the two different choices can be interpreted as a change
of variables, leaving the free-field part of the Lagrangian unchanged [26,27],
4
~π
F
= φˆ sin
(
φ
F
)
=
~φ
F

1− 1
6
~φ2
F 2
+ · · ·

 . (4)
Let us now consider the tree-level invariant amplitude for π+(p1) + π
0(p2) → π+(p3) +
π0(p4). For that purpose we need to insert the expressions for U of Eqs. (2) and (3) into
Eq. (1) and collect those terms containing four pion fields:1
L4π1 =
1
2F 2
∂µ~π · ~π∂µ~π · ~π −
m2π
8F 2
(~π2)2, (5)
L4φ2 =
1
6F 2
(∂µ~φ · ~φ∂µ~φ · ~φ− ~φ2∂µ~φ · ∂µ~φ) +
m2π
24F 2
(~φ2)2. (6)
Observe that the two interaction Lagrangians depend differently on the respective pion fields.
Expressing the physical pion fields in terms of the Cartesian components as π± = 1√
2
(π1∓iπ2)
and π0 = π3 (and similarly for φi), it is straightforward to obtain the corresponding Feynman
rules for π+(p1) + π
0(p2)→ π+(p3) + π0(p4):
Mππ1 =
i
F 2
T0(p1, p3), (7)
Mππ2 =
i
F 2
[
T0(p1, p3)− 1
3
(Λ1 + Λ2 + Λ3 + Λ4)
]
, (8)
where T0(p1, p3) = (p3−p1)2−m2π and Λi = p2i−m2π. If initial and final pions are on the mass
shell, i.e. Λi = 0, the result for the scattering amplitudes is the same which is a consequence
of the equivalence theorem [25–28].2 In fact, since our starting point is the nonlinear σ
model, the on-shell result corresponds to the current-algebra prediction for low-energy ππ
scattering [36]. On the other hand, if one of the momenta of the external lines is off mass
shell, the amplitudes of Eqs. (7) and (8) differ.
According to the standard argument in nucleon-nucleon bremsstrahlung one would now
try to discriminate between different on-shell equivalent ππ amplitudes through an investiga-
tion of the reaction π+(p1)+π
0(p2)→ π+(p3)+π0(p4)+γ(k). We will now critically examine
this claim in the framework of the above model. To that end we include the electromagnetic
field as in Eq. (1) and calculate the relevant tree-level diagrams.3
1The Lagrangian of Eq. (1) only generates interaction terms containing an even number of pion
fields, i.e. it is even under the substitution U → U † corresponding, respectively, to ~π → −~π and
~φ→ −~φ.
2For a general proof of the equivalence of S-matrix elements evaluated at tree level (phenomeno-
logical approximation), see Sect. 2 of Ref. [28].
3We have checked that first inserting the parameterizations of U into the nonlinear σ model
without electromagnetic interaction and then performing minimal substitutions ∂µπ
± → (∂µ ±
ieAµ)π
± (and similarly for φ±) generates the same result.
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Inclusion of the electromagnetic interaction in combination with the first parameteriza-
tion of Eq. (2) only generates electromagnetic interaction terms containing two oppositely
charged pion fields with either one or two electromagnetic fields, i.e. the interaction is the
same as for a point pion in scalar QED,
F 2
4
Tr
[
DµU(D
µU)†
]
=
1
2
(∂µσ∂
µσ + ∂µ~π · ∂µ~π)− ieAµ(π−∂µπ+ − π+∂µπ−) + e2A2π+π−,
(9)
where σ =
√
F 2 − ~π2. This is due to the fact that in Eq. (2) the pion field appears only
linearly in combination with the Pauli matrices such that the commutator with τ3 in the
covariant derivative also results only in a linear term. As a consequence, at tree level only the
two diagrams, where the photon is radiated off the initial and final charged pions, contribute
to the bremsstrahlung amplitude:4
Mππγ1 =
i
F 2
T0(p1 − k, p3)
i
(p1 − k)2 −m2π
(−2iep1 · ǫ)
−2iep3 · ǫ
i
(p3 + k)2 −m2π
i
F 2
T0(p1, p3 + k)
= e
(
p3 · ǫ
p3 · k
− p1 · ǫ
p1 · k
)
i
F 2
[T0(p1, p3)− 2(p1 − p3) · k]. (10)
It is now natural to ask how the different off-shell behavior of the ππ amplitude of Eq. (8)
enters into the calculation of the bremsstrahlung amplitude. Observe, in this context, that
inserting the parameterization of Eq. (3) into Eq. (1) generates electromagnetic interactions
involving 2n pion fields, where n is a positive integer. The additional interaction term
relevant to the bremsstrahlung process reads
Lφ+φ−φ0φ0A2 =
ieAµ
3F 2
(∂µφ+φ− − φ+∂µφ−)φ0φ0. (11)
Hence the total tree-level amplitude now contains a four-pion-one-photon contact diagram,
in addition to the two diagrams involving radiation from the charged external legs which
are the same as inMππγ1 ,
Mππγ2 =
i
F 2
{
T0(p1 − k, p3)−
1
3
[
(p1 − k)2 −m2π
]} i
(p1 − k)2 −m2π
(−2iep1 · ǫ)
−2iep3 · ǫ i
(p3 + k)2 −m2π
i
F 2
{
T0(p1, p3 + k)− 1
3
[
(p3 + k)
2 −m2π
]}
+
2ie
3F 2
(p1 + p3) · ǫ. (12)
4For notational simplicity, we will omit the complex conjugation of the polarization vectors of
final-state photons.
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Combining the contribution due to the off-shell behavior in the ππ amplitude with the
contact-term contribution, we find a precise cancellation of off-shell effects and contact
interactions such that the final result is the same for both parameterizations, i.e. Mππγ1 =
Mππγ2 . This is once again a manifestation of the equivalence theorem of field theory. What is
even more important in the present context is the observation that the two mechanisms, i.e.
contact term vs. off-shell effects, are indistinguishable since they lead to the same measurable
amplitude.
It should be noted that none of the above arguments relies on chiral perturbation theory
or is a consequence of chiral symmetry. Also, even though gauge invariance poses restric-
tions on the result for the bremsstrahlung amplitude it is not the primary reason for the
equivalence of the two results. This will become more evident in the next section, when we
include spin in the problem and consider separately gauge-invariant terms.
III. SIMPLE MODEL FOR THE SPIN ONE-HALF CASE
We now include spin and consider a very simple model which can describe the interactions
of nucleons and photons and which we can use to describe nucleon-nucleon bremsstrahlung
and Compton scattering on the nucleon. Such model is described by the Lagrangian
L0 = Ψ(iD/−m)Ψ− eκ
4m
ΨσµνF
µνΨ+ Φ(i∂/−m)Φ + gΨΨΦΦ. (13)
Here D is the covariant derivative DµΨ = (∂µ + ieAµ)Ψ, e and κ are the proton charge and
anomalous magnetic moment respectively, Aµ is the photon field and Fµν = ∂µAν − ∂νAµ is
the electromagnetic field strength tensor. The fields Ψ correspond to protons and Φ to neu-
trons. We separate out the neutrons and neglect the electromagnetic coupling to the neutron
magnetic moment purely to simplify the calculation of nucleon-nucleon bremsstrahlung, i.e.
so that we need consider radiation from only two legs instead of four and so that we do not
need to worry about antisymmetrization for identical particles. This simplifies the algebra,
and reduces the number of diagrams to be considered from eight to two, but makes no
substantive change in what one can learn from the model.
For the electromagnetic interaction of real photons with protons the above Lagrangian is
exactly what would normally be used.5 It is gauge invariant, since it involves only covariant
derivatives and field strength tensors. It leads in momentum space to the standard photon
nucleon vertex6
− ieu(pf)
(
/ǫ− iκ
2m
σµνǫ
µkν
)
u(pi), (14)
5For a more general phenomenological gauge-invariant Lagrangian capable of describing also the
interaction with virtual photons, see Eq. (3.1) of Ref. [37].
6For notational convenience we will include positive-energy spinors in our expression for vertices
with the understanding that they have to be replaced by appropriate Feynman propagators where
necessary.
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corresponding to the momenta pi = pf + k, i.e. for outgoing photons, and the photon
polarization vector ǫ.
For the strong interaction corresponding to a nucleon-nucleon vertex this Lagrangian
gives
igup(p3)up(p1)un(p4)un(p2), (15)
where p1 and p3 correspond to the protons and p1 + p2 = p3 + p4. This sort of interaction
could be generated by the exchange of a heavy scalar meson. It clearly grossly oversimplifies
the strong interaction, but is sufficient, as we will see, to illustrate all of the principles we
wish to consider.
One should note that this L0, at least to lowest order, does not generate any off-shell
effects at either of the strong or electromagnetic vertices.
Using these vertices we can calculate the Born amplitudes for both nucleon-nucleon
bremsstrahlung and Compton scattering on the nucleon.
We find for nucleon-nucleon bremsstrahlung
MNNγ0 = iegun(p4)un(p2)up(p3)
[(
/ǫ− iκ
2m
σµνǫ
µkν
)
/p3 + /k +m
(p3 + k)2 −m2
+
/p1 − /k +m
(p1 − k)2 −m2
(
/ǫ− iκ
2m
σµνǫ
µkν
)]
up(p1). (16)
This amplitude corresponds to the usual choice for nucleon-nucleon bremsstrahlung for the
electromagnetic parts, but has a much simplified interaction for the strong part. Extension
to the most general nucleon-nucleon interaction could be done along the lines of Ref. [38],
but such extension adds nothing to the argument here.
Similarly the Born amplitude for Compton scattering on the nucleon, with pi + k1 =
pf + k2, is
MCS0 = −ie2u(pf)
[(
/ǫ2 − iκ
2m
σµνǫ
µ
2k
ν
2
)
/pf + /k2 +m
(pf + k2)2 −m2
(
/ǫ1 +
iκ
2m
σµνǫ
µ
1k
ν
1
)
+
(
/ǫ1 +
iκ
2m
σµνǫ
µ
1k
ν
1
)
/pf − /k1 +m
(pf − k1)2 −m2
(
/ǫ2 − iκ
2m
σµνǫ
µ
2k
ν
2
)]
u(pi). (17)
This amplitude for Compton scattering is exactly what is normally used for the Born part
of the amplitude [39,40].
IV. EFFECT OF FIELD TRANSFORMATIONS
We now want to consider the effects of a field transformation on the fields which are con-
tained in the Lagrangian L0. Such a transformation amounts to a change of representation
for the fields. It will generate some new terms in the Lagrangian so that L0 → L0+∆L. We
know from general principles that this change of representation will not affect any physically
measurable results [25–28]. This means that the physical amplitudes generated from L0 and
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from L0+∆L will be exactly the same, or alternatively that the sum of all terms containing
a contribution obtained from ∆L will add up to zero.
The general form for ∆L can be obtained by making the substitution Ψ → Ψ + δΨ,
where δΨ is not necessarily an infinitesimal transformation. In principle, a transformation
on the neutron is also possible but for simplicity we discard this possibility since it does not
add anything new to our argument. The resulting Lagrangian becomes
L0(Ψ + δΨ) = L0(Ψ) + ∆L(Ψ) (18)
with
∆L = Ψ
[
(iD/−m)− eκ
4m
σµνF
µν + gΦΦ
]
δΨ
+ δΨ
[
(iD/−m)− eκ
4m
σµνF
µν + gΦΦ
]
Ψ
+ δΨ
[
(iD/−m)− eκ
4m
σµνF
µν + gΦΦ
]
δΨ. (19)
Observe that the first term is, up to a total derivative, proportional to the equation of
motion for Ψ as obtained from L0. The second term is proportional to the equation of motion
for Ψ. The last term of Eq. (19) however is of second order in δΨ and thus this situation
is somewhat more general than that discussed in Ref. [32]. In that case the formalism of
ChPT ensured that this last term was of higher order in the so-called momentum expansion
and thus could be dropped. Here we have no such expansion criterion and so this term must
be kept.
Now there are two possible approaches. We can take as our Lagrangian L0 + ∆L.
In simple cases, e.g. the ChPT example discussed in Ref. [32], the second order term in
Eq. (19) can be dropped and ∆L is simply proportional to an equation of motion. In more
general situations the second order part would have to be kept [41]. Pieces of ∆L generate
off-shell contributions to the vertex functions and in general other pieces generate contact
terms. However the full contribution of ∆L vanishes and thus there are no contributions to
measurable amplitudes from the complete set of terms from ∆L. Another way of saying this
is that since ∆L originated as a field transformation on L0 it can be completely transformed
away, thus eliminating any dependence on both the off-shell pieces and other pieces involving
contact terms.
A second approach, which is more closely allied to phenomenological calculations is to
divide ∆L into two pieces, ∆L = ∆L1 + ∆L2 where ∆L1 contains those pieces which
generate off-shell contributions to the various vertices generated by the Lagrangian, plus
perhaps a few contact terms necessary for gauge invariance, and where ∆L2 contains the
remaining terms which generate pure contact type contributions to the amplitudes for the
processes being considered. Now one can use L0+∆L1 as a phenomenological Lagrangian. It
will generate off-shell contributions at the vertices and in general the amplitude calculated
for a physical process will depend on the coefficients of this part of the Lagrangian, i.e.
on coefficients which also multiply the off-shell contributions to the vertices. This is the
procedure adopted in most calculations purporting to determine sensitivity of amplitudes
to off-shell effects.
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However by the general result the total contribution of ∆L must be zero. This means
that the Lagrangian L0−∆L2 will give exactly the same measurable amplitudes, depending
on the same parameters of the Lagrangian. However in this case the Lagrangian generates
only contact terms and does not give any off-shell contributions to the various vertices. Note
that the specific way ∆L is split into ∆L1 and ∆L2 will depend on the reaction in question.
Thus we have two Lagrangians, one which gives off-shell contributions to the vertex
functions which are the building blocks for the full amplitude and one which does not. Both
however give exactly the same measurable physical amplitudes and thus exactly the same
dependence of these measured quantities on the parameters of the Lagrangian. One must
thus conclude that the concept of off-shell contributions to a physical process is just not a
meaningful concept. One can measure coefficients in a particular choice of phenomenological
Lagrangian by comparing with data, but those coefficients cannot uniquely be associated
with the strength off-shell contributions at the vertices in any meaningful way.
In the next sections we will see explicitly how these principles appear in our simple
model.
V. EVALUATION OF THE TRANSFORMED LAGRANGIAN
Consider in this section a specific transformation or change of representation of the fields,
which has been chosen to generate off-shell contributions at both strong and electromagnetic
vertices in our simple model and to generate a Lagrangian corresponding to a phenomeno-
logical Lagrangian similar to one which has been used in investigations of off-shell effects.
Thus take
Ψ→ Ψ+ a˜gΦΦΨ+ b˜eσµνF µνΨ. (20)
Here a˜ and b˜ are real constants which determine the overall strength of the transformations.
This transformation generates ∆L = ∆L1 +∆L2 with
∆L1 = a˜g
[
Ψ(i
↼
/∂ −m− eA/)ΨΦΦ + ΦΦΨ(i
⇀
/∂ −m− eA/)Ψ
]
+ b˜e
[
Ψ(i
↼
/∂ −m− eA/)σµνF µνΨ+ΨσµνF µν(i
⇀
/∂ −m− eA/)Ψ
]
(21)
and
∆L2 = −eg(
a˜κ
2m
− 2b˜)ΦΦΨσµνF µνΨ
− e
2b˜κ
2m
ΨσµνF
µνσαβF
αβΨ
+ a˜b˜eg
[
ΨσµνF
µν(i
↼
/∂ −m− eA/)ΨΦΦ + ΦΦΨ(i
⇀
/∂ −m− eA/)σµνF µνΨ
]
+ e2b˜2ΨσµνF
µν(i/∂ −m− eA/)σαβF αβΨ. (22)
Here we have defined Ψi
↼
/∂≡ −i(∂µΨ)γµ. Both of these contributions to ∆L have been
expressed in terms of the covariant derivative, which means including some terms propor-
tional to A/ in ∆L1 rather than in ∆L2 so that both pieces will be manifestly gauge invariant.
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Some terms not contributing to either nucleon-nucleon bremsstrahlung or Compton scatter-
ing have also been dropped. One would have to keep those terms if one wanted to show,
for more complicated processes than those considered here, the equivalence of the S-matrix
elements obtained from the original Lagrangian and the transformed Lagrangian.
Consider first the Lagrangian L0 +∆L1. This generates some new contributions to the
vertices, in addition to those coming from L0 given in Eqs. (14) and (15) above. For the
strong vertex we find from the first term of ∆L1
ia˜gup(p3)[(/p3 −m) + (/p1 −m)]up(p1)un(p4)un(p2). (23)
Clearly this represents an off-shell contribution to the strong vertex, of strength determined
by the parameter a˜, analogous to what one would calculate in a potential model for the
off-shell nucleon-nucleon vertex. It vanishes when the momenta p1 and p3 are on shell.
At the electromagnetic vertex we get from the second term in ∆L1
− 2ieb˜u(pf) [(/pf −m)iσµνǫµkν + iσµνǫµkν(/pi −m)] u(pi). (24)
Again this corresponds to an off-shell contribution, this time to the magnetic part of the
photon-nucleon vertex. The overall strength is determined by the parameter b˜.
Finally there are the contact terms coming from the use of the covariant derivative as
necessary for gauge invariance. The term
− 2ia˜egup(p3)/ǫup(p1)un(p4)un(p2) (25)
corresponds to a photon-four-nucleon vertex and will contribute to nucleon-nucleon
bremsstrahlung. The term
+ 2ie2b˜u(pf ) (/ǫ1iσµνǫ
µ
2k
ν
2 − iσµνǫµ1kν1/ǫ2 + iσµνǫµ2kν2/ǫ1 − /ǫ2iσµνǫµ1kν1) u(pi) (26)
gives a two-photon contact vertex which will contribute to Compton scattering.
This Lagrangian, L0 + ∆L1, corresponds very closely to some which have been used to
investigate off-shell effects in nucleon-nucleon bremsstrahlung. The strong part is simplified,
but produces off-shell effects in the nucleon-nucleon vertex amplitude analogous to those one
might obtain from a potential model. The electromagnetic part is of the general form given
by Bincer [33] and used by a variety of authors [12,17–20,23] to investigate the supposed
sensitivity of nucleon-nucleon bremsstrahlung to off-shell effects. For example in the notation
of Nyman [16], F−2 (m
2)→ κ+ 8m2b˜.7
The alternative Lagrangian L0 −∆L2 generates just contact terms. The vertices gener-
ated are a contribution to the one-photon-four-nucleon amplitude from the first and third
term in ∆L2
+ 2iegup(p3)iσµνǫ
µkν
(
a˜κ
2m
− 2b˜
)
up(p1)un(p4)un(p2)
− 2iega˜b˜up(p3) [(/p1 − /k −m)iσµνǫµkν + iσµνǫµkν(/p3 + /k −m)] up(p1)un(p4)un(p2) (27)
7Because we work at tree level a distinction between irreducible and reducible vertex [12] is not
necessary
11
and a contribution to the two-photon-two-nucleon amplitude from the second and fourth
terms
+ 2i
e2κ
m
b˜u(pf )
(
iσµνǫ
µ
1k
ν
1 iσαβǫ
α
2k
β
2 + iσαβǫ
α
2k
β
2 iσµνǫ
µ
1k
ν
1
)
up(pi)
− 4ie2b˜2u(pf)
[
iσµνǫ
µ
1k
ν
1(/pi − /k2 −m)iσαβǫα2kβ2 + iσαβǫα2kβ2 (/pi + /k1 −m)iσµνǫµ1kν1
]
u(pi). (28)
Several terms originating in the covariant derivatives have been dropped, as they con-
tribute to neither bremsstrahlung nor Compton scattering.
From the general result that physical amplitudes must be independent of a field transfor-
mation we know that the amplitudes from L0 and L0+∆L must be the same. Thus, to the
order we are considering, these two Lagrangians, L0 +∆L1 and L0−∆L2, will give exactly
the same physically measurable amplitudes, yet the first generates off-shell contributions to
the vertices and the second does not. To see this explicitly we must calculate the amplitudes
for these processes in detail, which we will do in the next two sections.
VI. EXPLICIT EVALUATION OF NUCLEON-NUCLEON BREMSSTRAHLUNG
Consider now the nucleon-nucleon bremsstrahlung process which we will evaluate using
each of the two Lagrangians, L0+∆L1 and L0−∆L2. We consider only tree-level diagrams
and so must include radiation from each of the proton legs, with off-shell contributions at
both strong and electromagnetic vertices together with the contact terms appropriate for
each Lagrangian. As noted earlier we treat the Φ fields as neutrons and neglect radia-
tion from their magnetic moment. Hence there are only two diagrams with radiation from
external legs.
Consider first the Lagrangian L0 + ∆L1. The contribution from L0 has already been
given in Eq. (16). The amplitude coming from the parts of ∆L1 corresponding to off-shell
contributions at strong or electromagnetic vertices, that is the contribution from L0 at one
vertex, ∆L1 at the other, with a propagator in between, is
iegun(p4)un(p2)up(p3)
[
2a˜/ǫ−
(
a˜κ
m
− 4b˜
)
iσµνǫ
µkν
]
up(p1). (29)
The amplitude with off-shell contributions from both strong and electromagnetic vertices
simultaneously is
2iega˜b˜un(p4)un(p2)up(p3) [iσµνǫ
µkν(/p3 + /k −m) + (/p1 − /k −m)iσµνǫµkν ] up(p1). (30)
Finally, the contribution of the contact term originating in the use of covariant instead of
regular derivatives is
− 2iega˜un(p4)un(p2)up(p3)/ǫup(p1). (31)
The full amplitude is the sum of Eqs. (16), (29), (30) and (31). Note that the contact term
of Eq. (31) actually cancels the similar term coming from the off-shell contributions at the
strong vertex in Eq. (29) and that the net result coming from ∆L1 consists of a number of
magnetic type terms proportional to σµνǫ
µkν .
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From one viewpoint this Lagrangian, L0 + ∆L1, can be considered simply as a purely
phenomenological Lagrangian. It leads to a bremsstrahlung amplitude, which can be com-
pared with experiment so as to extract values of the phenomenological parameters a˜, b˜. Such
an approach is perfectly acceptable as long as one is completely clear that the Lagrangian is
just phenomenological. Its usefulness will depend on how close the model Lagrangian repro-
duces the real physical situation. Difficulties arise however when one makes the traditional,
though as we shall see incorrect, claim that the values of a˜, b˜ so obtained correspond to some
measure of off-shell effects.
To see how this claim arises and why it is incorrect let us first see how our simple model is
closely analogous to the traditional approaches. Thus for example in standard nonrelativistic
potential model approaches to nucleon-nucleon bremsstrahlung, one would first calculate
in the abstract an off-shell nucleon-nucleon amplitude corresponding to a potential. This
would give a result analogous to the off-shell amplitude of Eq. (23) calculated in our model.
Different on-shell-equivalent potentials could still give different amplitudes, corresponding
to different values of a˜.
Similarly at the electromagnetic vertex one traditionally parameterizes the off-shell be-
havior in some way, or uses some model to obtain something analogous to Eq. (24). Various
authors have used dispersion relations, simple pion-loop models, chiral perturbation theory,
or purely phenomenological considerations. In all cases the abstract off-shell electromagnetic
vertex is governed by a strength parameter similar to our b˜.
Thus in these traditional approaches one argues that in the abstract the off-shell con-
tributions to the strong and electromagnetic interaction vertices are proportional to a˜ and
b˜ respectively. These are parameters of the Lagrangian, which appear in the amplitude,
and can thus be determined from a comparison of the amplitude with measured quanti-
ties. Therefore, one traditionally concludes the values of these parameters measure in some
physical way off-shell behavior in the strong and electromagnetic interactions.
It is this last part of the argument which is incorrect. In actual fact the values of a˜ and
b˜ tell us nothing, in any unambiguous way, about off-shell behavior. To see this in detail let
us calculate the bremsstrahlung amplitude using the alternative Lagrangian L0 −∆L2. We
obtain from −∆L2 two contact terms. From the first term of Eq. (27)
− ieg
(
a˜κ
m
− 4b˜
)
un(p4)un(p2)up(p3)iσµνǫ
µkνup(p1) (32)
and from the second
2iega˜b˜un(p4)un(p2)up(p3) [iσµνǫ
µkν(/p3 + /k −m) + (/p1 − /k −m)iσµνǫµkν ] up(p1). (33)
Clearly the full amplitude from L0 −∆L2, Eqs. (16), (32) and (33) is exactly the same
as that from L0 + ∆L1, Eqs. (16), (29), (30) and (31), as it must be, by virtue of the
general results from field transformation arguments. Thus a comparison with data using
this Lagrangian will produce exactly the same values of a˜, b˜ as with the original Lagrangian.
However L0 −∆L2 produces no off-shell effects at either strong or electromagnetic vertices,
so there cannot be any meaningful connection between the values of a˜, b˜ and off-shell effects.
More generally consider a combination of these two Lagrangians, L(η) = L0 + (1 −
η)∆L1 − η∆L2 where η is an arbitrary real parameter. Since ∆L1 and −∆L2 produce the
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same amplitudes, the result will be independent of η. Thus L(η) for arbitrary η will all lead
to the same bremsstrahlung amplitude, that given by Eqs. (16), (29), (30) and (31), and
hence to exactly the same values of a˜, b˜ if this amplitude is compared to data. However the
off-shell strong and electromagnetic vertices calculated with L(η) will have strengths (1−η)a˜
and (1 − η)b˜ respectively. Thus a single set of a˜, b˜ corresponds to arbitrary values of the
off-shell vertices. Thus it should be very clear that such off-shell behavior is not a physically
measurable quantity. It makes no sense to equate sensitivity to a˜, b˜ with sensitivity to off-
shell behavior, or to claim to be able to measure off-shell behavior by measuring parameters
appearing in the amplitude, as has traditionally been done in discussions of off-shell behavior.
In retrospect this result perhaps should not be surprising. The concept of an off-shell am-
plitude is in some sense a mathematical concept, which applies only to a piece of a diagram.
An off-shell particle is not physical and one can never measure it directly. Such amplitudes
have meaning only when put into a larger diagram which has appropriate interactions to put
the particle back on shell. Thus one should perhaps expect a large measure of ambiguity in
describing such an intermediate, unphysical state.
VII. EXPLICIT EVALUATION OF COMPTON SCATTERING
The Lagrangian which has just been used to evaluate nucleon-nucleon bremsstrahlung
also leads to an amplitude for Compton scattering. Only the electromagnetic part is required,
so the simplification of the strong interaction used for nucleon-nucleon bremsstrahlung is not
necessary. In this section we evaluate that amplitude explicitly and will find a situation ex-
actly similar to that of nucleon-nucleon bremsstrahlung. Namely, since the total contribution
from the part of the Lagrangian generated by the field transformation, ∆L1+∆L2, vanishes
there are two alternate Lagrangians (actually an infinite set of linear combinations) which
give the same Compton amplitude, L0 +∆L1 which produces off-shell contributions in the
electromagnetic vertices and L0 −∆L2 which produces only contact terms.
Consider first the Compton amplitude originating in the Lagrangian L0 + ∆L1. This
Lagrangian is essentially identical to that used in phenomenological calculations where a
phenomenological off-shell part is introduced at the electromagnetic gamma-nucleon-nucleon
vertex. The contribution from L0 has been given in Eq. (17). Just as for nucleon-nucleon
bremsstrahlung the contribution from ∆L1 leads to an amplitude with an off-shell contri-
bution at one or the other of the electromagnetic vertices of the form
+ 2ib˜e2u(pf)
[(
/ǫ2 −
iκ
2m
σµνǫ
µ
2k
ν
2
)
iσαβǫ
α
1k
β
1 − iσαβǫα2kβ2
(
/ǫ1 +
iκ
2m
σµνǫ
µ
1k
ν
1
)]
u(pi)
− 2ib˜e2u(pf)
[(
/ǫ1 +
iκ
2m
σµνǫ
µ
1k
ν
1
)
iσαβǫ
α
2k
β
2 − iσαβǫα1kβ1
(
/ǫ2 − iκ
2m
σµνǫ
µ
2k
ν
2
)]
u(pi) (34)
and a contribution with an off-shell part of the vertex at both electromagnetic vertices given
by
+ 4ib˜2e2u(pf)
[
iσµνǫ
µ
2k
ν
2 (/pf + /k2 −m)iσαβǫα1kβ1
]
u(pi)
+ 4ib˜2e2u(pf)
[
iσµνǫ
µ
1k
ν
1 (/pf − /k1 −m)iσαβǫα2kβ2
]
u(pi). (35)
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There is also a two-photon contact term coming from the use of the covariant derivative in
the last part of ∆L1 which can be written as
+ 2ie2b˜u(pf) (/ǫ1iσµνǫ
µ
2k
ν
2 − iσµνǫµ1kν1/ǫ2 + iσµνǫµ2kν2/ǫ1 − /ǫ2iσµνǫµ1kν1)u(pi). (36)
Note that, just as in nucleon-nucleon bremsstrahlung, this contact term cancels the /ǫ terms
from the off-shell contribution of Eq. (34) above, leaving purely magnetic contributions.
The full Compton amplitude originating in L0 + ∆L1 is then given by the sum of Eqs.
(17), (34), (35), and (36). This corresponds exactly to the Lagrangian which has been used
in phenomenological calculations. Naively in such an approach, one notes the appearance
of the parameter b˜ and also the fact that it appears in the off-shell electromagnetic vertex
and thus one might, as in nucleon-nucleon bremsstrahlung, claim to be able to ’determine’
the parameter b˜ and thus the off-shell vertex by a measurement of Compton scattering.
However, just as in the nucleon-nucleon bremsstrahlung case discussed above, this has to
be wrong. We have the equivalent Lagrangian L0−∆L2 which involves only contact terms,
but gives the same measurable result. We can see this specifically. The contributions from
−∆L2 to the Compton amplitude are just those of Eq. (28), i.e.
− 2ie
2κ
m
b˜u(pf )
(
iσµνǫ
µ
1k
ν
1 iσαβǫ
α
2k
β
2 + iσαβǫ
α
2k
β
2 iσµνǫ
µ
1k
ν
1
)
up(pi)
+ 4ie2b˜2u(pf)
[
iσµνǫ
µ
1k
ν
1(/pi − /k2 −m)iσαβǫα2kβ2 + iσαβǫα2kβ2 (/pi + /k1 −m)iσµνǫµ1kν1
]
u(pi). (37)
Clearly this is the same amplitude as generated by ∆L1. Now the argument is exactly the
same as given at the end of the previous section. The same measurable amplitude is produced
by a Lagrangian which generates an off-shell component at the photon-nucleon-nucleon
vertex as by the one which has only contact terms, or in fact by any linear combination of
the two. Thus the constant b˜ appearing in the Lagrangian is not in any way a ’measure’ of
off-shell behavior.
There is another interesting observation one can make using this simple model, though
one somewhat peripheral to the main line of argument. Consider the Lagrangian L0 +∆L1
which corresponds to a standard phenomenological Lagrangian used to describe the photon-
nucleon-nucleon vertex. Sometimes the argument is given that even if the coefficient b˜ does
not represent an off-shell effect it can be used to parameterize the unknown features of the
interaction. That is certainly possible. However such parameterizations have implications
for a variety of processes described by the Lagrangian and do not always lead to results
consistent with the data.
For example with this Lagrangian we get the full amplitude for Compton scattering from
the sum of Eqs. (17), (34), (35) and (36) and can extract from that amplitude an expression
for the proton electromagnetic polarizabilities, for which there is some experimental data.
To do this we make a two-component reduction of this amplitude in the lab frame using
Coulomb gauge which leads to
MCS = iχ†f
[
−e
2
m
~ǫ1 · ~ǫ2 + · · · (38)
+ω1ω2~ǫ1 · ~ǫ2
(
−4e
2
m
(κb˜+ 4m2b˜2)
)
+ ω1ω2~ǫ2 × kˆ2 · ~ǫ1 × kˆ1
(
4e2κb˜
m
)]
χ, (39)
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where the χ’s are two-component nucleon spinors and where we have kept only the leading
Thomson term and those terms contributing to the polarizabilities (for details see, e.g., Eqs.
(4) and (6) of Ref. [40]).
From this we can extract the electromagnetic polarizabilities [40] as
α = − e
2
4π
4
m
(κb˜+ 4m2b˜2), (40)
β =
e2
4π
4κb˜
m
, (41)
where the factor of 4π has been inserted to put the polarizabilities into conventional units,
since in our notation e2/4π ≈ 1/137.
Now using the experimental value for the proton polarizability, α = (12.1± 0.8± 0.5)×
10−4 fm3 from Ref. [42] we try to solve for b˜. We find
b˜ =
κ
8m2

−1±
√
1− 16πm
3α
e2κ2

 . (42)
Since 16πm3α/e2κ2 = 22 >> 1 there is no real solution possible for b˜. This means that
simply introducing a phenomenological term in the Lagrangian which produces an off-shell
photon-nucleon-nucleon vertex, as has been done in many calculations can lead to results
which are inconsistent with data for related reactions. Clearly even at the phenomenological
level one must be consistent and check the prediction of such phenomenological terms with
other processes generated by the same Lagrangian.
VIII. SUMMARY AND CONCLUSIONS
In this paper we have used the concept of field transformations and several sim-
ple models to illustrate the impossibility of measuring off-shell effects in nucleon-nucleon
bremsstrahlung, Compton scattering, and by implication other medium-energy processes.
In the first example, the non-linear σ model Lagrangian, together with two standard repre-
sentations of the pion field, was used for pion-pion bremsstrahlung. We showed by specific
example that these two representations gave different off-shell scattering amplitudes, but
exactly the same measurable amplitude for the bremsstrahlung. Thus the measurable quan-
tity clearly cannot distinguish different off-shell behavior at the vertices making up the full
process.
For the rest of the paper we looked at a spin one-half model Lagrangian. Again as a
result of a field transformation we could generate a modified Lagrangian which produced
an off-shell contribution to both strong and electromagnetic vertices. This Lagrangian was
very closely related to the kinds of phenomenological Lagrangians which have been used
to investigate off-shell effects at these vertices. Again we showed by specific example that
changes in the Lagrangian which produce different off-shell vertices lead to exactly the same
measurable amplitude. In effect we can interpret pieces of the measurable amplitude as
off-shell effects at the vertices or as contact terms or as any combination of the two. Thus
the concept of ’off-shell vertex’, while perfectly well defined as a mathematical abstraction,
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does not translate into a physically measurable quantity. In short, off-shell effects are not
measurable. The model used here properly included spin one-half, did not depend on ChPT,
or on a momentum expansion, and did not depend on gauge invariance, which should put to
rest any possible concerns that the original considerations of Refs. [31,32] depended somehow
on the simplicity of the model considered there.
Finally we should comment that it is certainly possible to construct a microscopic model
of a process which will generate an off-shell form factor at the vertices, and perhaps some
contact terms. This is in fact standard procedure. It is a legitimate approach and we can
speak of the off-shell form factor in this model, just as we speak of the off-shell amplitude
generated from a potential by solving the Lippman-Schwinger equation. The generation of
such a off-shell form factor is unique and a function only of the properties of the model. How-
ever one cannot measure this off-shell form factor and thus cannot determine the correctness
or incorrectness of the model based on its prediction for the off-shell form factor.
This work was supported in part by a grant from the Natural Sciences and Engineering
Research Council of Canada and by the Deutsche Forschungsgemeinschaft (SFB 443).
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